THE GAUSS-GREEN THEOREM

BY
HERBERT FEDERER

1. Introduction. All conventions of our papers on Swurface area(!) are again
in force. The positive integers m <n which were fixed throughout SA II are
now so specialized that m =n—1, n=2. The corresponding(?) function ® is
an (n—1)-dimensional measure over Euclidean #-space, which reduces to
Carathéodory linear measure if n=2.

The starting point of the present article is the definition of the exterior
normal of a subset A of n-space at a point x in n-space. A glance at 3.1-3.4
below will convince the reader that the existence or nonexistence of this
vector is a local, geometric property of the set 4 at the point x. None but the
most elementary topology enters into this definition in which the boundary
of 4 is never even mentioned. As will be reaffirmed in 3.6, »(4, x) is the ex-
terior normal of 4 at x whenever this exists, otherwise »(4, x) =6, the zero
vector.

With these definitions of surface measure and exterior normal at hand, we
are led to investigate the validity of the Gauss-Green formula

@ f Dif(ix = [ i(d, a)iea.

Here A is an open subset of E,, j is a positive integer between 1 and #, v;(4, x)
is the jth component of »(4, x), and D;f is the partial derivative of f in the
direction of the jth unit vector. In this connection we shall always make the
assumptions that both integrals are finite, that the boundary of 4 has finite
& measure, and that f is absolutely continuous within the closure of 4 along
almost all lines in the direction of the jth unit vector(3).

It is seen from Theorem 6.4 that (1) is true if the above conditions are
satisfied and if, in addition, the boundary of 4 has a certain(*) type of regu-
larity. However we are able to prove much more in the special case n=2. In
fact it is shown in §7 that the boundary of every open set in the plane has
the required regularity if it is of finite Carathéodory linear measure. Thus
(1) holds in the plane under the conditions of the preceding paragraph. The

Presented to the Society, April 29, 1944; received by the editors March 28, 1944,

(*) See §2 of Surface area. I, Trans. Amer. Math. Soc. vol. 55 (1944) pp. 420—437, and
§82, 3 of Surface area. 11, Trans. Amer. Math. Soc. vol. 55 (1944) pp. 438-456. We hereafter
refer to these papers as SA I and SA I1.

(?) See SA 11, 2.1. The special case n =3 is also treated in SA I, 3.1-3.3.

(®) See 6.1 and 6.3.

(*) See 3.8-3.14 and the condition (II) of 6.4.
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question whether this much is true in higher dimensions is left unanswered.

The above mentioned regularity of the boundary of 4 is called ® restrict-
edness. Its local character is clear from Definition 3.12. Anthony P. Morse
and John F. Randolph have recently(’) introduced and investigated this con-
cept in the case of plane sets. The author wishes to express his sincere thanks
to them for the opportunity to read their paper in manuscript. He has freely
used their methods and results. Their paper and Randolph’s thesis(®) have
been his main source of interest in the subject matter of the present article.

§2 contains a theorem about the transformation of integrals. A generaliza-
tion of the strong form of Cauchy’s Theorem, concerning the integral of an
analytic function “around” an open set, is proved in §8.

2. Transformation of integrals.

2.1 THEOREM. If

(I) ¢ is such a measure over A that A is expressible as a countable sum of ¢
measurable sets of finite ¢ measure;

(I1) ¢ 4s such a measure over the metric space B that closed subsets of B are
Y measurable and every y measurable set is contained in a Borel set of equal
Y measure;

(I1I) g is such a function on A to B that

E [g(x) € 7]
is ¢ measurable for every closed set Y CB;

(IV) u is such a ¢ measurable function that 0 Su(x) < « for ¢ almost all x
in A and

[ ¥, %, iy = [ utio
x
for every ¢ measurable set X CA;
then
[ 16056 %, 305 = [ sle@) utas
X
whenever X is a ¢ measurable subset of A and f is such a  measurable function
that — o <f(y) < « for Y almost all y in B.
Proof. We fix a ¢ measurable set CCA4 and let

(*) A. P. Morse and John F. Randolph, The ¢ rectifiable subsets of the plane, Trans. Amer.
Math. Soc. vol. 55 (1944) pp. 236-305. We hereafter refer to this paper as RM. The bibliography
of this paper gives references to previous articles on this subject, in particular the work of A. S.
Besicovitch on plane sets of finite Carathéodory linear measure.

(*) John F. Randolph, Carathéodory linear measure and a generalization of the Gauss-Green
Lemma, Trans. Amer. Math. Soc. vol. 38 (1935) pp. 531-548. The first attempt in this direction
was made by J. Schauder, The theory of surface measure, Fund. Math. vol. 8 (1926) pp. 1-48.
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P=CE[0<u(x) < =]

Whenever 7 and f are functions on 4 and B respectively we denote

alr) = fpr(x)u(x)d«ﬁx,

B(f) = f f(9)N(g, P, y)dyy.
Let F be the set of all such ¥ measurable functions f that — « <f(y) < » fory
almost all y in B, and take
H=FE][f(y) =0 for y € B — g*(P)].

We further define for each fE F the function f on 4 by the relation
f@) = flg@®] for z€ 4,

and divide the remainder of the proof into four parts. ‘
Part 1. g*(P) is expressible as a countable sum of ¢ measurable sets of
finite Y measure.
Proof. Use (I) to select ¢ measurable sets 4;, 42, 43, - - -+ such that

A= A;and ¢(4) < o for j=1,2,3,---.
. j=1

Letting
Pk=P1.E[u(x)<k] for k=1,2,3,---,
we see that
gXP) = X0 2 g'(4;Py)
Ju=l ke=l
and

§*(4P) = E [N(g, Pidn 9) 2 1],

o> kp) 2 [ w@iss= [ N Pia pavy z vlgapp)]

APy

for every pair of positive integers j and k.

Part 2. The set
PE [g(x) € Y]

is ¢ measurable for every ¥ measurable subset ¥ of g*(P).
Proof. Let G be the family of all those subsets Y of B for which the set

PE [g(x) € Y]

is ¢ measurable.
Evidently G is closed to countable addition and to complementation.
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Hence (IIT) implies that every Borel set of B is a member of G. Next we infer
from Part 1 and (II) that every ¥ measurable subset of g*(P) is expressible(?)
as an F, plus a set of Y measure zero. We shall complete the proof by showing
that every subset of g*(P) of ¢ measure zero is a member of G.

Suppose YCg*(P), ¢(¥)=0 and

X=PE [s(x) € ¥].

Use (II) to select a Borel set Y; of B for which YCY; and ¢(¥1) =0. From
the preceding paragraph we see that ¥V, EG. Let

X1 = PE[g(x) €Y)]
and use (IV) together with the relation ¢ [g*(X1) ] S¢/(¥1) =0 to infer

0= [ Wi, X1, vy = fxl“(")d‘”‘

But X;CP so that ¢(X;) =0. Since X C X, we conclude ¢(X) =0 and YEG.
Part 3. fEH implies B8(f) =a(f).
Proof. In case f is the characteristic function of a Y measurable set
YCg*(P), we let
X=E[g») €Y],

note that f_ is the characteristic function of X, and use Part 2 and (IV) to infer
of) = f u(%)dopx = f N(g, PX, y)dyy = f N(g, P, y)d¥y = B(f).
PX Y

But the functions «, 8 and — are additive, homogeneous, and continuous
with respect to monotone convergence of nonnegative members of their do-
mains. Hence

B(f) = a(f) for every nonnegative f €& H.

Now suppose f is an arbitrary member of H. Let f; and f: be such non-
negative functions in H that f=f;—fs. Then fi and f; are nonnegative func-
tions for which f=fi—f;, and we infer from the definition of the Lebesgue
integral that

B(f) = B(f2) — B(f) = a(fs) — a(f) = a(f).

Part 4. If fEF, then [f(y)N(g, C, y)d¢y = [of (x)u(x)dox.
Proof. Select € H so that

k(y) = f(y) for yEg*(P), h(y) =0 for y & B — g*(P).

(") See Theorem 3.13 of RM.
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Check the relations:

(1) B(k) = a(h);
k(x) = f(x) for x€E P,
@ o(h) = off) = fcﬂx)u(x)dqu;
0= [ w@ier = f N, C — P, y)ivy,
C-P

N(g, C, y)=N(g, P, y) for ¢ almost all y in B,

® [ 1o, ¢, navy = 8 = 8.

Combine (3), (1), and (2).
3. Definitions.
3.1 Notation.

x.y=2xjyj for x € E,, yEEm
=1
K',=E,.]’E[|z—-x|<r] for xE E,, r > 0.

3.2 DEFINITION. We say u points into S at x if and only if SCE,, x€E,,
uEE,, |u| =1, and

bR 7 B

where, for >0, H, is the hemisphere
K’:fj [@— 2).u>0].

3.3 DerINITION. We call # an exterior normal of S at x if and only if u
points into (E,—S) at x and (—u) points into S at x.

3.4 THEOREM. If u and v are exterior normals of S at x, then u=v.

Proof. For wE€E, and r >0 we write

H, = K'zl;i [z — x).w > 0].
First we prove

%__—v

1) H3;H; = 0.

In fact the denial of (1) implies
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|H.H, | =7 |HiH, | >0 for r>0,

and since
e R A
lim —— =0, lim =0,
r—0+ | H:l r—0+ I'H"’|
it is obvious that
| B/8;"S| | H, H, — S|
im —— " =0, Ll Al S
ot | H*H| ot | HH|
Adding we obtain
o JECEL
ot | HeH7*|

which is false. Thus (1) is proved.

Now let s=x+u—v. Then the assumption #u-v<1 implies (z—x)+u
=(u—v)eu=1—v.4>0,2EHy; thus (1) yields the inequality 0 = (z —x) « (—v)
=(u—v)s(—v)=1—u-v>0, which is false. Hence #*v=1 and u=v, because
luf = o] =1.

3.5 Notation. We fix the points § and ¢ so that

0=(0t""0)€Em i=(01"‘,0,1)€En.

3.6 Notation. For SCE, and xEE, we define v(S, x) as follows:
If S has a unique exterior normal % at x, then »(S, x)=wu; otherwise
v(S, x) =60.
3.7 Notation(®).
{#} =E[y=1]

3.8 DEeriNITION. If SCE, and x €EE,, then sgn (S, x) is the closure of the

set
y—x
R IFERY
ver Uy — 2|
where T=S5—{x}.

3.9 DEerFINITION. If ¢ is a measure over E,, SCE, and xEE,, then we
define the upper and lower ¢ density of S at x by the relations

SK', SK-
DS, 2) = lmsup 25D DY(s, 2) = lim inf 20K
ot y(K7) ot ¥(K])

From Definition 2.1 of SA II it is seen that ¥(K}) equals the (n—1)-
dimensional Lebesgue measure of an (#—1)-dimensional sphere of radius r.

(®) Throughout this paper we use braces only in this sense.
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3.10 DeFINITION. If ¢’is a measure over E,, SCE, and xEE,, then
diry (S, %) = H sgn (S — B, x)
gEF
where

F = ED}@, 2 = 0],

3.11 DEFINITION. We say S is ¢ restricted at x if and only if
D‘:(S, x) >0
and there is a point zEE, for which |z| =1 and
({z} + { = 2}) diry 5, ®) = 0.
3.12 DeFINITION. We say 2z is ¢ perpendicular to S at x if and only if
Df(S, x) > 0; 2z € E,, |z|=1;
diry (S, ) CE [y.z =0].

3.13 DEFINITION. x’' = (%1, %3, * * * , Xn_1)EE,1 for xEE,,

S'= > {#} for SC E.;
zES

(yot) = (yly Y2yttt y Yn—1, t)eEn for yeEn—l, teEl-
ForACE,and k=1,2,3, - - - welet

Ax(4) = E,E [0 <t — 2, < k' implies (¢ 01) € 4],

Av(4) = E,E[0 < &, — ¢ < k" implies (2/ 09) € 4],

At = g AX(4), A (4) = i Ax(4).

k=1

3.14 DEerFINITION. For each function g on E,_; to E, we define the function

7g on the set
E [7g(3) > 0]

to E, as follows:

Suppose Jg(y) >0 and L is the approximate differential of g at y. For each
integer k between 1 and £, strike out the kth row of L to obtain the minor M.
Let 7g(y) be the point of E, whose kth coordinate is

[ra(» e = (= 1)"**(det M1)/Tg(y).

It is well known that 7g(y) is perpendicular to the columns L!, L?, - - -,
Ln1of L.
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3.15 REMARK. If ACE, with ®(A) < «, then

D%(Ar, %) S 1 for ® almost all x in A.
If furthermore B is a Borel set contained in A, then
D%(4, x) = D3(B, ) and D3i(4, x) = D3(B, %)
for ® almost all x in B, and
dire (B, x) =.dire (4, %)

for ® almost all x in B.

These statements are the analogues of 5.16, 5.15 and 6.11 of RM. Their
proofs are likewise analogous: ® replaces L, and v(K}) replaces 2r.

Two sets, one of which is a measure hull of the other, have everywhere
the same densities and the same dir. Hence the assumption that B is a Borel
set can be omitted.

4. The exterior normal.

4.1 LEMMA. If S is an open(®) subset of E., | S| < =, |S'| <, and t<1,
then there is a number u such that u <1 and

| X| = u|S| implies | X'| = ¢8|
whenever X CS and X 1is of class F,.
Proof. We assume | S’| >0 and define
ky) = E:E[(yon) ES]| for yES,
A@W) =S'E [2(y) > 9] for — © S 9= o,
w=swpE[|40)| 2 ¢| 5[],
B =S'E [h(y) 2 ]

Clearly 4 (w) CB. Furthermore |S’ | < o implies
| 4(w)| = sup | 4@) | = ¢| 5| < inf |4() | =] B].
>0 o<w

Hence we can and do select a Lebesgue measurable set T for which
Aw)CTCB and |T|=¢|5].

Next we take
_ Jridy
|s]

(®) It is sufficient to assume that h(y) >0 for almost all y in S’, where & is defined as in the

proof. This condition is really necessary in case S is measurable. In case S is nonmeasurable the
lemma is obvious.
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In order to prove that
(1 u<l1,

we suppose #=1. Remember that S is bpen and ‘k(y) >0 for yE€S’. Check
the relations:

f K(y)dy z | S| = f h(3)dy, T CS'; f h(y)dy = 0;
T i 8'=T
|s'=T|=0; ¢8| =|T|=]|5| 0<|S|<w; t=1.

Since ¢ <1, we have verified (1).
Now choose X C.S so that X is a set of class F, for which | X| 2 «| S| and

suppose | X’| <t|S’|. Then

d dy = — >
f x,_Th(y) y+f x,,h(y) Y fx,h(y)dy PAETIN

fT (v)ay fT _x,h(y)dy+ fT x,h(:v)dy,
wlx-1lz [ woyz [ odyzelT- x|

| x' = 7| +|x7|=|x| <t|§| =|T|=|T - X'| +| TX'|;
|x’ = T|<|T-X'| and w|X' —T|2w|T-X|;
w20, A(w)=5; |5 =|A@w)|=:|5;
1= 1.
But ¢ <1, so that | X’| =¢|.5'|.

4.2 THEOREM. If B is the boundary('°) of the open(**) set A CE., v(4, x)#0
and D4 (B, x) =1, then DJ(B, x)=1 and v(4, x) is ® perpendicular to B at x.

Proof. Since all the notions involved are invariant under distance preserv-
ing transformations of E,, we may assume x =0 and »(4, x) =4. It will be
sufficient to show that DY (B, 8) =1 and

dire (B,Q)C{:J[Iy,.l < €] forevery > 0.

Let ¢>0 be given and take
B=B4‘E[I2n| < €| z]|].

Since D£(B, 6) =1, we shall complete the proof by showing that DF (3, 6) = 1.

(1°) We say T is the boundary of Sif and only if T'= [closure S]- [closure (E.—S)].
(1) The hypothesis that A be open is unnecessary. This may be seen by applying the theo-
rem to the open set A1=Int A =(A+B) —B, whose boundary is a subset of B, and for which

(A4, x)=v(4, x).
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For this purpose choose a number ¢ such that 0<¢<1. For each r>0 let
Sy =K.E[0<zm<els|]l, ST=K.E[0< -z <e|z]],

C. = (S = (S

and use lemma 4.1 to select a number # such that 0 <# <1 and IX ! | gt| C1|
whenever X is either a subset of Si* of class F, with | X| 2| S|, or a sub-
set of St of class F, with | X| Zu|St]|.

Use 3.6 to choose p>0 so that 0<r<p implies

| ST — 4|2 u|S;| and |S74| = u|S/].

Now fix such a number r and denote
Xt=E[n€ (S —4)], X =E[zes4l
We see that

| x| =rn|S7 — 412 wr| S| =u| ST
hence ‘
|7 =4y =2 (XY 2 o G| = 4] G
similarly ] (Sr4)’ I gtl C,| , and consequently
| (57 — 4y(s7ay | =] (7 — Ay | +] sray| — | — 4) + (s74y|
z2|C|—-|C|=(2-1]|C.

But (S;—A4)'(S74)' C(BK])', because every line segment which joins a
point of 4 to a point of E,—A must have a point in common with B. Thus

®(BK,) 2z | BKY)'| = 2t — | C.| = (2t — Dy (KD).

Since r was an arbitrary positive number less than p, we infer that

D38, x) = 2t — 1.
Let t—1.

4.3 THEOREM. If X is a Lebesgue measurable subset of E,, YCE,_,, and g
s such a Lipschitzian function on E,_, to E, that

g (¥) C AH(X)
and

kN =y for y€ Ewy,
then 7g(y) points into X at g(y) for almost all y in Y.
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Proof. Let
Te= [Ax X))V for £=1,2,3,.--
and check that

¥ = [0]Y C A+ XY = 3 T

Since g is differentiable almost everywhere in E,_;, and T has density 1 at
almost all of its points, we shall complete the proof by verifying the following.
Statement. If k is a positive integer, yE T, g is differentiable at y, and T
has density 1 at y, then 7g(y) points into X at g(y).
Proof. Let L be the differential of g at y and denote ¢ =7g(y). Obviously

c.Jg(y)=1. Let x=g(y) and
H, = K',I‘Z [ = x)ec>0] for r>o0.

Choose 7>0.
Select €>0 so that | Hy— U §n|H1l, where

U,=K:1?[(z—x)oc>e|z—x|] for >0,

and then take p>0 so that kp(1+e+]||L||) <1-and
|g(w) — ¢(») —L(w — 3)| S e|w—y| whenever |w—y| <o
Now suppose 0<r<p.
We first prove:

(1) fwETrand (wot)EU,, then (wot)&X.

In fact the hypotheses of (1) imply that |w—y] §|z—x| <r, where
2=(w o t), and that

Fr>A+et|L)rz|s— x|+ ]g0) —gw)| 2 |z—gw)| = [z — g(w)]a
= Jgy) [z — g(w)]ec = Tg(M [z — %) +c — [g(w) — g(9)]-¢]
> Jg)[els — & +|c-Liw— 9| —¢|w = y]]
=Jg 2=zl —|w—=yllez 0.
Since 2z.=t, this implies k“>t—[g(w)],.>0. But g(w)EAF(X), so that
(wot)EX. Thus (1) is proved.

Next we define the set W as follows:
wEW if and only if w&E U/ and

|E11;[(wot)ev,—x]| =0.

From the Fubini Theorem we know that W is Lebesgue measurable, and
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from (1) we infer U/ T CW. Hence
lvr —w|=|v!| - |w|=|v!|-|UliTs],
2nd we apply Fubini's Theorem again to obtain

| U, — X| < @iam U)- | U2 — W| s 2:(| U/ | = | UZ T ).

Consequently
|72, - x| |HB.-U,| |U—X]|
: A b | 2|
| B, — U, 2r|UZ| | UL = | UL TS|
R E:A AR '
IH'—X|§17+2|U1"|(1_IU,’Tk|)
| 8| R:8 | vt |

Remembering that r was an arbi'trary positive number less than p, and
that T has density 1 at y, we conclude

. lHr—Xl
lim sup ———

s,
r—0+ l rl

Since 7>0 was freely chosen, the last relation implies

. lHr—X|
lim ——— =0,
r—0+4 IH,‘

so that ¢ points into X at x.

4.4 THEOREM. If X is a Lebesgue measurable subset of E,, YCE,_., and g
is such a Lipschitzian function on E,_ to E, that

g (¥) C A~ (X)

and
) =y for & En,

then —7g(y) points into X at g(y) for almost all y in V.

4.5 TuroreM. If ACE, and f is the function on E, to E, such that f(x)
=v(A4, x) for xEE,, then f is a Borel measurable function(*?).

Proof. Let »
S=E.E[|u] =1]

(12) By this we mean that the counter-image of every closed set is a Borel set. This condition
is satisfied if and only if each of the coordinate functions fi, f3, * * +, fa, which are defined by
the relation f(x) = (fi(x), f2(x), « « + , fa(x)), is a Borel measurable function in the classical sense.
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Since the range of f is a subset of S+ {6}, it is sufficient to prove:
If Cis a closed subset of S and
G=E[xec],

then G is a Borel set.
Suppose C and G are so fixed and denote

R= E,.><S=(3Eu)[x€E,. and % € S},
H.(x, u) = K:lj) [ = x)eu>0] for >0, (x, ) € R.

For each >0 let g, be the fqnction on R such that
| Ho(z, w4 | +| Hi(x, — u) — 4]
| k2 |

gz, w) = for (x,u4) €R.

We denote the symmetric difference of two sets X and ¥ by
X, VN=X-7)+ (¥ - X)
and infer that
| &:(x, ) — (3, ) |

(1) < | (H'(xv u)» Hr(yv 'D))I +| (H'(x’ - u)r Hf(yr - v))l
B | K|

for r>0, (x, ) ER, (v, v)ER.
For each positive integer j let

T;= Y, D> E.,E[0<r < k! implies g.(x, u) < j],
uEC k=1 z
and let

T=1]I7,
=1

The remainder of the proof is divided into two parts.

Part 1. If j is a positive integer, then T is of class F,.

Proof. It follows from (1) that g, is continuous for each » > 0. Consequently
the set

0= I RE [es 0 < 5]

o<r<ikt
is closed for each positive integer k. Likewise closed is

H=RE [«€C],

and, letting P be the function on R to E, such that
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P(x,u) = x for (x,u4) ER,

we easily see that

T,' = i P*(HQI;).

k=1

But P projects sets of class F, into sets of class F,.
Part2. G=T.
Proof. Clearly

G = E,E [ lim g(x, ) = 0 for some « € C],
2 -0t

T = E, E [ inf (lim sup g,(x, %)) = 0].
? u€c¢ oo+

Now fix a point x €E, and let
he(u) = g (2, w), h(w) = lim sup k(u) for u E S.
=0+

From (1) we infer that

| (Hi(x, w), Hi(x, )| + | (Hi(2, — w), H(x, — 1))
| K% |

| #(w) — B(0) | =

whenever «E€S, vES. Thus the functions k, are equicontinuous. Hence & is
continuous and assumes its minimum on the compact set C. Consequently

T = E, E [lim sup g,(x, #) = 0 for some u € C],
-0+

which implies T=G.

5. Restrictedness. The following two theorems are analogous to some re-
sults of §7 of RM. Since the proof of our theorems is an almost literal repeti-
tion of arguments used by Morse and Randolph, we merely illustrate what
sort of changes have to be made:

Replace L, ¢, ¢° by ®, and judiciously replace 2 by ¥(X7). Use the rela-
tion x = (x’ o0 x,) for xEE,, instead of the relation x = (x,, x;) for x EE,, for in-

stance
(x,a,)\)=€3[|y'— ®| < aand |y, — .| < Nal,
|2l sl@[+]ml, (2= 2= &)
forx€E,andj=1,2,:--,n—1.

5.1 THEOREM. If SCE,, ®(S)< » and

DS, x>0, ({i} +{—i})dire(S,2) =0

for ® almost all x in S, then there are Borel sets T1, T2, T3, - -+ - CEn—1 and
Lipschitzian functions g1, g2, g3, - + + on E._y to E, such that
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q»[s - g g‘,:(T,,)] =0,

[exN) =y for 3 € Euy, E=1,2,3---.

5.2 THEOREM. If SCE,, ®(S)< « and S is ® restricted at ® almost all

of its points, then there are Borel sets Ty, Ts, T, + - -+ CE,—1 and Lipschitzian
functions g1, g2, g3, * * + on E._; to E, such that

q>[s - f: g:(T;,)] =0.

ko=l
5.3 THEOREM. If ®(S)< », T is a Borel set of E,—, and f is such a Lip-
schitzian function on E.; to E, that f*(T)CS, then there is such a Borel set
ACT that
e[(T) - * )] =0,
and 7f(y) is ® perpendicular to S at f(y) whenever yEA.
Proof. Let
A1 = T E [De(S, /o) < 1],
A=A E [f is differentiable at y with Jf(y) > 0],
As=A:E [7f is approximately continuous at y],

and note that A4,, 4;, A3 are measurable sets. Choose a Borel set 4,CA4; for
which |A3—A 4] =0, and use 3.15 of this paper and 4.5 of SA II to check

B[X(T) — ffAD] =0, &[f*(41— 49)] =0,
| 4: — 44] = 0= @[*(4. — 40)],  S[*(D) - f*40)] = 0.

Next select(*®) a Borel set A;C A4 such that f*(4;5) =f*(44) and f is uni-
valent on 4;. Finally let 4 be the set of those points of 45 at which 45 has
Lebesgue density 1. We see that A CT, 4 is a Borel set and

|45 — A| = 0= [f*Us — 4)],  @[™D) — f*@4)] =o.

Now pick a point yEA. Abbreviate x =f(y), c=7f(y). In order to show
that ¢ is ® perpendicular to S at x, we proceed as in the proof of 4.2: Let
€>0 be given, take

B=SEl = n-c| 5elz—4l)

and complete the proof by verifying (1) below.
For this purpose choose a number ¢ so that 0 <¢<1.

(**) See H. Federer and A. P. Morse, Some properties of measurable functions, Bull. Amer.
Math. Soc. vol. 49 (1943) p. 276, Theorem 5.1.
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Let L be the differential of f at y, let M be the inverse of L, and choose
a number 7 so that

0<n=eM|*—n and @+ q4|M|)~% = 1.

Abbreviate s=(1+17”M“)"1 and select §>0 so that |f(w) —f(y) —-L('w—y)l
<n|w—y| whenever |w—y| 4.
We define

U,=E,._11.E[x+L(w—y)€K;] for r> 0,

and note that diam U, <2|| M||r. _
Now suppose 0 <2[| M||r < 6 and wEA U,,, 3=f(w). Then |w—y| <2|| M||rs
<ds< 6 and |L(w—y)l =<rs. Hence

|z —x| Srs+n|lw—1y| Srs+ 9| M[La —9)]] Srs +9|M]) =7
and 2EKj,. Furthermore
ls—2|z|Lw=-»|—nlw-ylz|M|w—-9y]|-1lw-1y|
= (M-t = m]w -],
le-G=a)| =|eL(w =13 +¢elzs = x— Liw - 5)]]
=lclz—2—Liw—9]|=|z—2—Lw— )|
Salw—y[salMl —n|zs—a| Sels— 2],

which implies 2E8. Accordingly zEBK,.
We have proved that

fH(AU) CBK, for 0<r<s|M|)™

For all such 7 we have

(BK>) = ®[f*(AU.)] = f N(f, AU, 2)d®z = Jf(w)dw,

AU"
(KD = | U] 7)) = s | Ul TF),
(I)(BK:) > gn-1 |AUn| fAU,,Jf('LU)d‘w .
v(K) | Unl Jf(y)| AU

Since 4 has density 1 at y and Jf is approximately continuous at y we con-
clude

D3, #) z 5"t = (L + | M)z v
From the arbitrary nature of ¢ we finally infer

(1) D3, %) = 1.

The proof is complete.
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5.4 Remark. If y is any point of the set A of Theorem 5.3, then
dire (5, f(5)) = E. E [| »| = 1 and u.f(y) = 0].

This fact will not be used in this paper.
5.5 THEOREM. If ZCE,, ®(Z)< » and Z is ® restricted at ® almost all
of its points with
({s} +{—i}dire @, 2) %0 for zE€2Z,
then |Z'| =0.

Proof. In view of 5.2 we assume that we are dealing with the special case
in which Z=f*(T), where T is a Borel set of E,_ and f is a Lipschitzian func-
tion on E,_; to E,. We select 4 in accordance with 5.3, here S=Z, and define
the function g on E,_; to E,_; by the relation

§0) = U] for y € Enr.
Evidently g is Lipschitzian and

2] sl e@] + olz - )] s [ ¥, 4, waw = fA Te(x)dy.

We shall complete the proof by showing that Jg(y) =0 for every y&EA4.
Pick y€A4 and let L be the approximate differential of f at y. Since

7f(y) EE, we know that Jf(y) >0 and the points L, L?, - - -, L*! are lin-

early independent. Using 5.3, our present hypotheses, and 3.15, we see that

7f(y)+i=0 and 7f(y).Li=0

for j=1, 2, - - -, n—1. Hence the points ¢, L', L?,- - -, L™ are linearly
dependent. Since the last n—1 are independent, we can find numbers
ti, b2, - -+, ta—1 not all zero such that

n—1

'Zt,-Li=i.

But projection is a linear operation and

n—1

E t(L) =4 =(0,-++,0) € Ep1.
. jel

This means that the columns (LY)’, - - -, (L™ 1)’ of the approximate differ-
ential of g at y are linearly dependent, hence Jg(y) =0.

6. The Gauss-Green Theorem.

6.1 DEFINITION. For j=1, 2, - - -, n and SCE, we define the set Q;(S)
as follows:

fEQ,(S) if and only if f is a numerically valued function, S is a subset of
the domain of f,
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— ® <ff(x)v,-(S, 2)ddx < o (1), — <fD,-f(x)dx < o,
s
and there is a set VCE,—; such that | V| =0 and
f(ylv cr Vi b’ Vive yw-l) _f(yly Cr V1,8, Y500, yn—l)

b
=f fo(yl’ Vi tv Viy o 1yn—l)dt

whenever yEE,,—V, a<b, and (y, - - -, yi-1, &, ¥ir -+ -, Y1) ES for
ast=b.
6.2 Notation.

Xv=EE [(yot) € X] for X CE, yE Eps.

Observe that in casej =7 the last condition in 6.1 can be stated as follows:

b
Jod) - fyoa) = [ Dytyo s

whenever yEE,_1— V, a<b, and [a, b]CSv.
6.3 Remark. In connection with Definition 6.1 we remind the reader that
the condition

(1) — ® <ff(x)v,-(S, x)ddx < ©

does 7ot imply that the exterior normal of S exists anywhere. In fact 3.6 tells
us that »;(S, x) =0 whenever .S has no exterior normal at x.
If T is the boundary(®) of S, then the relation

- <ff(x)d¢>x< oo

is sufficient for condition (1). This follows from Theorem 4.5 and the fact that
| v(S, 2)| =1 for xEE, vS,x)=0 for xEE,—T.

6.4 THEOREM. If
(I) A is a bounded open subset of E,., B is the boundary(®) of A, and
P(B)< =;
(II) R s the set of all points at which B is P restricted,
Ct = AH(E, — A)A—(4), C— = AT(A)A~(E, — 4),
C=C++C, F=E, };3 [B= is finite],

and

(M) »;(S, x) is the jth coordinate of »(S, x).
(%) See footnote 10.
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| (cF — R)’| # 0;

(III) fE€Q.(A+B);
then

f D.f(2)ds = f H@)ald, 2)dd.
A

Proof. Select VCE,_: in accordance with (III) and 6.1. Let
H=BE [va(4, x) 0],
W = RBE [({i} + {— i}) dire (B, %) = 0],
Z=RBE [({s} + {— ¢}) dirs (B, ) = 0].

Use 5.1 to select Borel sets Ty, T, T3, + + - CE,-1, Lipschitzian functions
g1, g2 g3, - - - on E.; to E,, and disjoint sets Si, Sz, Ss, - - - such that
Sk:g’;k(T")' [gk(y)],=y for k=1! 21 3, C yGEn—ly and

W —8) =0 with S= S

k=1

Next we define the set G:

xEGifandonlyif xEF, ' €EE,..—V, C* CS¥

and k=123, impiies

v(4, ' 0 f) = rg(2) whenever ¢ & (S:CH*,

v(4, s’ 0ot) = — 7g:(2’) whenever &€ (S5:C7)*,

v(d,x'0f) =6 whenever ¢ € (Sy — C)='.
Let ks be the characteristic function of HGSy, and let

pi(%) = hi(2)f(x)va(4, x) for 2=1,2,3,---,2€E E,,

o) = 3 pele)Vgs) for 3 € Enc,

kmm1

80) = [ Diyona for 3 € Ev

The remainder of the proof is divided into eleven parts.

Part 1. If XCW with | X’| =0, then ®(X)=0.

Proof. X = (X —8) +2 5 XSk C(W—8) +2_i-1g#(X’), ®(W—S) =0, and
gx is Lipschitzian. Use Lemma 4.1 of SA I1.

Part 2. | E,,— F'| =0.

Proof. Letting P be the projecting function such that
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P(x) = & for xE E,,
we deduce from Theorem 4.4 of SA I and Remark 2.3 of SA II that

[ 5, 5,4y 5 28) < .

Hence N(P, B, y)< = for almost all ¥ in E,_;, which implies that yEF’
for almost all y in E,_;.

Part 3. |(C—WS5)'| =0.

Proof. (C—WS)'C(C—W)+(W—-S)'C(C’'—F)+(C—-W)'F'+(W-S)'
=(C'=F)+(CF-W)'+(W—S8)' C(Esa—F')+(CF=R)'+Z'+(W—-S5)".

Apply Part 2, (II), Theorem 5.5, and the relation ®(W—.S) =0.

Part 4. (W -G)=0.

Proof. For each positive integer & let

Us = E [gi(y) € C* and #(4, gu(9)) # 78x(5)]
+E [ex(y) € C- and »(4, gx(9)) # — 78:(3)]
+ E [g(y) € F — C) and »(4, gx()) # 6.
In view of the definition of C+ and C—, and of the relation
(F = C) CAHAA(A) + AH(En — A)A~(E. — 4),

we can apply Theorems 4.3 and 4.4 to each of the three sets whose union is Uy,
and infer
| U] =0 for B=1,2,3,---.

But it follows from the definition of G that
(W =G C(Ens—F)+V+(€C—-S5+ > Us
k=1

Hence Parts 2 and 3 imply
| W —6)|=o.

Use Part 1 to complete the proof.

Part5. |C'—G'| =0.

Proof. Apply Parts 3 and 4 to the relation (C'—G")C(C—-G)'C(C—-W)’
+(W-G)'.

Part6. |A'—G'| =0.

Proof. (A'—G")C(Esa1—F)+(A'F' —=C)Y+(C'—G").

From parts 2 and 5 we infer that the first and third of the last three sets
each has measure zero. We shall complete the proof by showing that the sec-
ond set is vacuous.

For this purpose we suppose y&(4’F’—C’). Then Av is the union of a
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finite number of momvacuous open intervals, and (y o sup 4¥)EC*. Hence
yE(C'-C")=0.

Part 7. a(y) =B(y) for almost all y in G’.

Proof. Note that

— II (domain Jgy) | =

k==l
and let y be a point for which
y € G’ I (domain Jg,).
k=1

Hence yE F’, Bt is finite, and there is a finite, disjointed family Q of non-
vacuous open intervals such that

Av = o(Q).
=2 {inf I}, p =2, {supI},

IEQ I€Q

we see from the definition of C+ and C- that

p—A=(CHY, N—p=(C)n

Letting

Remembering that yEE,_,— V, we compute:

B(y) = E flyot) — E f(yot)— Z f(yot)— Z f(yo.

tE o tEN—p .
Since yEG’, we know that
(CHv = S¥(CH)v = (SCH¥ = 3 (5:CH)y,

k=1

€)= 3 (S

k=1

B(y) = E > f(yot)—Z 2 flyod.

k=1 € (St k=1 tE€ (S;CT )

Hence

We next use the definition of G, and 3.15, to obtain the propositions:
t € (Si«CH)v  implies va(4, yo )Jg(y) = [rg(y) 1 Tgx(y) = 1,

tE€ (SiC7)v  implies v(4, yo )Jgi(y) = — [rgx(y) | Jen(y) = —

t € (Sx — C)v implies »,(4, yo )Jgx(y) = 0.

Consequently

B(y) = Z Z f(y o va(4, yo )Jgx(y).

k=1 t€ (8p)Y
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Next we notice that
va(4,y08) =0 for tE€ E, — Hy,

and that y&€G’ implies GY=E,;. From these relations, and the identity
HGv(Sy)Y = (HGS})Y, we infer

B =3 X fyodmld, yo izl
k=1 t€ (HGSp)Y
Recalling the definition of ki, and the relation
(yot) = gi(y) for t& (Sn)Y,

we perform the summation with respect to ¢, and obtain

B(y) = g)l Re[2e(3) 1f[gn(3) a4, gx(3) 1Tex ()

= 2 pe[ex(®) g:(9) = a(y).

ka1

Part 8. a(y)=8(y) for almost all y in E,_;.
Proof. Let .
Y = B E [a(y) # B(9)],

and check that
YCly - +6)]+Y+ 4 -G).
From Parts 7 and 6 we know that
|ve'| =,4"-¢6'| =o.

Clearly yE(E,.1—A') implies Av=0 and B(y) =0.
From the relation y&E(E,._1—G’) we can infer G¥=0, hx[gi(y)] =0 for

k=1,2,3, . ,and a(y)=0.
Hence a(y) =0=p(y) for yE [Esc1— (4’ +G")], and [Y—(4’+G")] =0.
Thus | Y| =0.

Part9. ®(H—-W)=0.
Proof. From 3.16 we know that D‘f;(B, x) <1 for ® almost all x in B. Hence
4.2 enables us to conclude for ® almost all x in H that

*xER=W+Z and dirs (B, %) CE [z.v(4, x) = 0].

But, for such a point x, the relation xEZ implies
0 # v.(4, x) = i.v(4, x) = 0,
Thus xE W for ® almost all x in H.
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Part 10. ®(H—-GS) =0.
Proof. ( H—GS)C(H—W)+(W—-GS)=H-W)+(W-G)+(W-.S).
Use Parts 9 and 4, and the definition of S.
Part 11. [4D.f(x)dx = [f(x)v.(4, x)d®x.
Proof. From Part 2 and the Fubini Theorem we infer | B| =0. Hence
v(A+B, x)=v(4, x) for all x, and (1II) implies

— <ff(x)v,.(A, x)ddx < o,

Now use Part 10, Theorem 4.5 of SA II, and Theorem 2.1 of the present
paper to compute:

f f@m(4, )dds = f f(#)ra(4, 5)d Pz
= f f(2)va(4, x)dx
HGS
= 3 [ @@, des

= i pi(x)ddx
=1

=2, | pe(®)N(gx, En1, )d®x
k=1

= kz_)l peler(n) Vge(9)dy.
Similarly

o> [ | s, 91 a2z = 3 [ | nulash] | Tast)i.

k=1

Hence we may change the order of summation and integration, and use
Part 8, as follows:

[ 104, 938z = [ prlasio)Vesiy = [ aiy = [ 66)ay.
k=1

But (III) implies
— o <fD,.f(x)dx < o,
A

and we infer from the Fubini Theorem that
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J stz = [ pnas.

The proof is complete.

6.5 COROLLARY. If
(I) A is a bounded open subset of E., B is the boundary of A,and (B) < = ;

(I1) Q=E.E[v4,%) 6], F=E, E [B=is finite],
C = A*(En — A)A(4) + AY(A)A~(E. — 4),
and
| €F - Q)] = 0;

(I1I) fEQ.(4+B);
then

fD,,f(x)dx=ff(x)v,.(A, x)ddx.
4

Proof. Let R be the set of all points at which B is ® restricted, and check
that

CF-R'CCF-Q'+Q@-B.

From (I), 3.16 and 4.2 we know that ®(Q— R) =0, and use this relation and

(I1) to infer
| CF - RY| =o.

Reference to 6.4 completes the proof.
6.6 Remark. With the obvious changes in the hypotheses (II) and (III)
of Theorem 6.4 (or 6.5), we obtain the formula

[ Dz = [ 1@wia, Daes,

where j is an integer between 1 and #n.

6.7 Remark. In the conditions (I) and (II) of Theorem 6.4, the sets B, R,
C, F are all defined in terms of the set 4. Hence (I) and (II) are essentially
properties of A4.

It should therefore be understood what we mean by saying that a given
set A has (or does not have) the properties (1) and (11) of 6.4.

6.8 THEOREM. If each of the disjoint sets Ay and Az has the properties (I)
and (11) of 6.4, and A is such an open set that

(A1 + Az) C A C closure (A1 + Az),

then A also has the properties (1) and (11) of 6.4, and
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ff(x)yn(Aly x)dq)x + f f(x)Vn(A 2y x)dd’x = ff(x)v,.(A, x)d@x

whenever f is such a numerically valued function that these integrals are finite.

Proof. Recall 6.7 and 6.4, and attach the generically obvious meaning to
B, By, B:; R, Ry, Ry; C, C1, Ca; F, Fy, F,. Since 4, and A; have the properties
(I) and (II) of 6.4, we have

M ®(B) < »,  ®(By) < »,

2 | €:F1— R)'| =0, | (CsFs— R)'| = 0.
A simple check reveals that

@3) BC B+ B;, CF/F,CCi+0Cy,

@ ®(B) £ ®(B1) + ®(B2) < =.
From (1) and Theorem 4.4 of SA I we infer

©) | (B —Fy| =0, |(E.—-F)][=0,

whereas repeated application of (1), (4) and 3.16 yields diry(B, x) =dir4(BB;, x)
=dirg(By, x) for ® almost all x in BBy, dirg(B, x) =dirg(BBs, x) =dirg(Bs, x)
for ® almost all x in BB,

(6) @(BBlRl - R) = 0, q)(BBsz - R) = 0.
Next we use (3) to check

(CF — R) C B(C — R) C (BCF\F, — R) + 22: (C-F)

C X (BC;—R)+(C—F)=23 (BBC;—R)+ (C—F)
=1 j=1

C 3 (BBR; — R) + (C; =~ R) + (C — F)
C 3 (BBR; - R) + (CF; — R) + (B — F),

| (CF — RY'| g;ym,x, — R +|(C#F;i— R | +]|(E.—F)|,

and we conclude from (6), (2), (5) that
| cF — RY| = 0.

From this relation and (4) it follows that 4 has the properties (I) and (II)
of 6.4.
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We see from (5) that | B;+Bs| =0, hence |4 —(41+45)| =0, and we have
f D,f(x)dx + D.f(x)dx = fD,.f(x)dx
A1 As A

whenever fEQ,(414B1)Q2.(42+B3)Q,.(4 +B). For each function f of this
class we therefore know from Theorem 6.4 that

™ ff(x)vu(Ax, x)d¢x+ff(x)v,.(Az, x)ddx =ff(x)vn(A, x)ddz.

Hence (7) holds in particular whenever f has continuous partial derivatives
on E,, and we can apply standard methods of approximation to deduce that
(7) is valid for every numerically valued function f for which the integrals
occurring in (7) are finite.

6.9 Remark. Suppose condition (I) of 6.4 holds. Let C=A+(E,—A)A~(4)
+A+(4)A~(E,—A4), and suppose there are Lipschitzian functions g1, g2, gs, - * *
on E,_, to E, such that

@[C - g (range g,,)] = 0.

Then condition (II) of 6.4 holds, and the Gauss-Green formula is true for
every function f which satisfies condition (III) of 6.4.

Hence Theorem 6.4 includes the classical Gauss-Green Theorem.

7. The Gauss-Green Theorem in the plane. Throughout this section we
assume 7 =2. Hence ® is now Carathéodory linear measure.

7.1 DEFINITION. We say x is accessible from S if and only if x E E,;, SCE,,
and x is a limit point of a connected subset of S.

7.2 THEOREM. If A is an open subset of Es, B is the boundary of A, and x is
accessible from both A and [E;— (A +B)], then
D3(B, #) = 1.

Proof. Select connected sets a and 8 such that

aC4, BCE,—(4+B),

and x is a limit point of both @ and 8. Since x € B, we see that x& «, diam a>0;
x&B, diam $>0.
Let p be a number for which

0 < p, 2p < diam a, 2p < diam B.
For r>0 we define

Cr=EE[|z—z|=r]
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Obviously 0<r<p implies aC,7#0 and BC,#0; consequently BC, has at
least two elements, because every circular arc, which joins a point of 4 to a
point of [E;— (4 +B)], crosses B on the way. Letting f be the function on E,
to E; such that

f@ =]z - x| for z€ By,

we infer that
N(f,B,7r) =22 for 0<r<op.

From the well known relation(¢)
&(S) z | f*©S)| for SCE,,
it follows, as in the proof of 4.3 of SA I, that

2(BK’) 2 [ N, BEY nar.

Hence

I3 I3
®(BK%) 2 f N(f, BK., r)dr = f N(f, B, r)dr = 2 f dr = 2p = v(K2).
0 0
Since p was an arbitrary sufficiently small positive number, the proof is
complete.

7.3 THEOREM. If A is a bounded open subset of Es, B is the boundary of A,
®(B)< =, j is either 1 or 2, and fEQ; (A +B), then

fD,f(x)dx = f'f(x)v;(A, x)dPx.
4

Proof. Assuming j =2, we use the notation of the statement of Theorem
6.4. Evidently our present hypotheses include the conditions (I) and (III).
We shall complete the proof by showing that (I) implies (II) in the present
case n=2.

Each point of CF is accessible (by straight line segments) from both 4
and [E;— (4 +B)]. Hence 7.2 implies

Dy(B,x) =1 for x & CF.
On the other hand we infer from 3.16 that

Dﬁ(B, x) £ 1 for ® almost all x in B.
Consequently

D3(B, %) = D3(B, ) = 1 for & almost all z in CF.

Applying 3.16 once more we obtain
(1) See the proof of Theorem 4.2 of RM.
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De(CF, x) = D5(CF, x) = 1 for & almost all « in CF.

We can now use Theorem 11.1 of RM to infer that CF is ® restricted at &
almost all of its points. Hence 3.16 implies

®(CF — R) =

This completes the proof of (II), and of the theorem.

7.4 Remark. We don’t know the answer to the following question:

Is the analogue, for n>2, of Theorem 7.3 true or false?

The existence of Lebesgue spines shows that the strict analogue of 7.2 for
3-space is false, and we are not familiar with a proof of the 3-dimensional
analogue of Theorem 9.5 of RM.

7.5 Remark. Similar to 7.2 is the fo]lowmg true statement:

If ACE,, B is the boundary of A, and both A and (E;—A) have positive
2-dimensional lower Lebesgue density at x, then Dz(B, x)>0.

We neither prove nor use this fact in this paper.

7.6 Remark. Using the terminology introduced in 6.7, we can describe the
idea of the proof of 7.3 as follows:

- If A is a bounded open subset of E,, B is the boundary of A, and $(B) < «,
then. A has the properties (1) and (1I) of 6.4.

7.7 Remark. Let p be such a continuous function on E, to E; that — « <s
<t< o implies p(s) =p(t) if and only if (t—s) is an integer.

Let B=range p. Then B isa simple closed Jordan curve, parametrized by p.
Let A be the set of those points of the plane which are “/nside” B. Thus xE4
if and only if x EE,, and there is such a positive number 7 that BCK] and
the relation |y| = implies there is 7o continuum C for which {x}+{y}CC
CE.—B

From Jordan’s Theorem we know that B is the boundary of 4. The fol-
lowing facts seem of interest in case the function p is dlfferentlable on a sub-
set of its domain:

(D If —o<s<x and |p’(s)| >0, then either v[A, p(s)]=—1p(s) or
v[4, p(s)]=7p(s).

(II) If — o <s<t< o, |p (s)| >0, |p (t)| >0, then there is such a number
N\ that N*=1 and

v[4, p(s)] = Mp(s) and v[4, p(&)] = Mp(d).
In this connection we note that Ip’ (s)| >0 implies

rp(s) = (= 2:(s), 21 (5)) _ ip'(s)

o] 7ol

Hence we see from (I) that a simple relation exists between the exterior
normal of 4 and the derivative of p, whenever the latter has a positive modu-
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lus. We are then told by (II) that the ambiguity in sign, which is inherent
in (I), is not very serious, because the same choice of sign is correct for all points
under consideration.

The proof of (I), using Jordan’s Theorem, is fairly simple. We are, how-
ever, not familiar with a short proof of (1I), except for the case in which p’
is continuous and |p’(s)| >0 for — 0 <s< 0,

In this paper the statements (I) and (II) are neither proved nor used. One
of their immediate implications is, however, stated for completeness:

If p satisfies a Lipschitz condition, then

J 1w, avs = 3 [ 1lp0)p0)] 70| as

for j=1, 2, and every ® measurable numerically valued function f.

8. Cauchy’s Theorem. As in §7 we let n=2. & is again Carathéodory lin-
ear measure. We do not distinguish between E, and the finite complex plane.
Hence v(4, x) is a complex number whenever 4 CE;, xEE,, and the point %,
which was fixed in 3.5, has now its classical significance. To avoid ambiguity,
we state:

8.1 DEFINITION. If f is a function whose domain and range are sets of
complex numbers (subsets of E,), then f’ is the function such that

6y = 1im 1O I
22— x

3=

for every x.

We say f is conformal at x if and only if f'(x) EE,.
8.2 Remark. If f is conformal at each point of the open set A CE,, and
|[f@)| S M for x€A, then xEA implies |f'(x)| S8M/ma, where

e = inf |z-— x|
sEE,—4

As is well known, this follows immediately from Cauchy’s integral formu-
lae for a'square with center x and side a.

8.3 THEOREM. If A is a bounded open set of complex numbers, B is the
boundary of A, ®(B) < =, f is conformal at each point of A, and f is continuous
at each point of B with respect to (A +B), then

iff(x)v(A, x)ddx = 0.

Proof. Let ¢>0. Determine >0 so that
St[®(B) + 1]y = ¢,

and then select a number 6 >0 such that If(z) —f(x) | <nwheneverx& (4 +B),
2E(A+B), |x—z| <3é.
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From the definition of & we obtain open connected sets Gy, G, Gs, * * -,
each of diameter less than 6, for which

BC Y. G; and Y v(G;) < ®(B) + 1.
1 Fom1
Since B is compact, we use the Heine-Borel theorem to obtain an integer p
such that
P
BC Y G
F=1
We may certainly assume BG;#0 for j=1,2, - - -, p.
Select points x/E€BG; and define
Ci=EE[|3s— «i| <diamG,], T;= E:E[|s — #/| = diam G}]

forj=1,2, ..., p. Clearly G;CC; and

P
BC 2 C,
=1
Now let
P
Ag=A4 =2 (C;+ Ty,
j=1

k—1

A1 =AC, and Ai=ACi— D, (C;+7T) for k=23,--+,8,
j=1

and denote
B; = boundary 4;, H;=E,E [v(4; =) = 6]

for j=0,1,2,---, p.
The theorem follows from the last of the six parts into which we divide

the remainder of the proof.
Part 1. ByCB+) 5.,T'; and ®(By) < for k=0,1,2, - -, p.
Proof. If X+ YCE., then

Bdr(X+Y)CBdr X+ Bdr?, Bdr (E; — X) = Bdr X.
Setting Co=A, we hence see that k=0, 1, 2, - - -, p implies

P P
By =Bdrd; C Bdrd + BdrCi + Y. Bdr Ct + T) C B+ X Ty,
g1 g1

®(B) < &(B) + 3 = diam T's
j=1

Part 2. If 0Sj<k<l=p are integers, then H;HH;=0.
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Proof. Otherwise we could pick a point x EH;HH ;>0 and use the fact
that the set 4;, A, A; are disjoint, together with the definition of the exterior
normal, to infer

L= LEo
= lim
r—»0+lK'|
gliminfl K.A4,| +1immf|K’A |+hmmf|K’A'I gi-
-0+ I l r—0+ IKzI 70+ IK;I 2

Part 3. 13 5P (H)) Se.
Proof. Let ki be the characteristic function of Hi. Then Part 2 implies

2 ki(x) £ 2 for x & E,.
=0
Use this relation and Part 1 to check:

fp_‘, ®(H)) = Z hi(x)d®x < 2@( > H,) < 2@( > B,)

F=0 J=0 Fe=0

< 2<1><B + Zr,-) < 28(B) + 2«2 diam T';
j=1

=1

P P
= 2&(B) + 4r _ diam G; = 2&(B) + 4r »_~vG))

< 2&(B) + 47 [®(B) + 1] < 5«[®(B) + 1].

Multiply by 5 to complete the proof of Part 3.

Part 4. | [f(x)v(4;, x)d®x| <q®(H;) forj=1,2, - - -, p.

Proof. From the relation H;CB;CC;+7T'; it follows that x € H; implies
|x—xi| £2-! diam C;=diam G;< §; hence

| f(®) — f(x?)| = for x€E€ H;
Since ®(B;) < » by Part 1, we know from Theorem 7.3 that

f v(A,x)d<I>x = 0,

and conclude

ff(x)V(Aj» x)dex | = If [/(2) = (=) v(4 ;, 2)d®x + f(x’)fﬂA;. x)ddx

< [ 156 = 1| dex 5 n2@).
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Part 5. [f(x)v(4o, x)dPx=0.

Proof. Let Iy ‘ |
=, @)1,
b= inf |x-—3|.
zEA0,5€B

Since f is continuous on the compact set 4 + B, we have M < «. On the other
hand

P P
B(closure 4¢) C (3. C)(E: — 2, Cj) =0,
Fu1 el
the compact sets B and (closure 4,) are a positive distance apart, and 4>0.

Hence 8.2 implies
| /(%) | = 8M/xb for x E A..

Let f; and f: be such functions that
f(x) = (fi(2), fo(x)) for every x,

and recall the Cauchy-Riemann equation

(D1f1(%), D1fo(%)) = f'(x) = (Dafa(x), — Dafs(%))

forxcA.
Consequently

| Difs(x)| < | f/(%)| < 8M/mb for xE Ag;j=1,2;k=1,2
It follows that
{fi} + {2} C 2o+ B)R(4o + Bo).

Using Part 1, the last relation, and Theorem 7.3, we compute:
f f(x)v(4o, x)ddx = f [fi(x)pi(4o, x) — fa(x)2(Ao, %) ]dDx
+ i f [F(®)va(do, %) + fo(x)r1(4o, %) ]dx
=), [D1f1(%) — Dafa(a) |dx

+ 1 [szl(x) + lez(x) ]dx = 0.

4o

Part 6. | [f(x)v(4, x)d®x| <e. _
Proof. The sets 4o, 41, 43, - - -, A, are disjoint open sets whose bound-
aries have finite ® measure and for which
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P P
D> A;CACclosure ) Ay
=0 =0
Hence we use 7.6, 6.8, and Parts §, 4, 3 to conclude:

f(x)v(4;, x)ddx

f f(x)v(4, x)ddx

x)d®x

b4
S Xr¥H) S e
=1

8.4 Remark. The hypotheses of 8.3 imply

f(z) = _{M ddx for z € A.
21r x—3z

This Cauchy formula is proved by the standard method, except that cross-
cuts are unnecessary (here, and in similar situations), because Theorem 8.3
applies directly to the open set obtained from A by removing a closed circular
disc with center 2.

8.5 Remark. If p is a Lipschitzian function of the type described in 7.7,
and if the hypotheses of 8.3 are satisfied, then

i [ o, ave = 3 [ 1lp0Vinp0| 90|

()
[rol

+ fo flp@®1p’ (1)at

= if f[p()] | p'(5) | de

I

+ fo lf[p(t)]d:p(t),

the sign depending on the sense in which p parametrizes B.
Hence Theorem 8.3 includes the well known strong form of Cauchy’s Theo-
rem for a simple closed curve.
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